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It is proposed here to identify the law of crack length evolution with a small number of parameters gov-
erning a recently presented model (Rekik and Lebon, submitted for publication) describing the interface
behavior in damaged masonry. Studies on non-conﬁned medium- and large-sized masonry structures
have shown that it is necessary to obtain a linear increasing crack in the post-peak part of the ‘‘stress–
strain or –displacement” diagram. In conﬁned masonry structures showing softening and sliding parts,
the results obtained with this crack evolution failed to match the experimental data. The crack lengths
identiﬁed in the post-peak part at several points on the experimental ‘‘stress–displacement” diagram
show that the representative crack length is a bilinear or trilinear function describing the increase in
the crack length with respect to the decrease in the shear stress. Numerical studies on medium- and
large-sized masonry structures consisting of the same materials subjected to various loads were per-
formed to determine the ultimate crack length, and the results are relatively insensitive to the size of
the masonry and the type of the load applied. The numerical local ﬁelds determined in the elementary
and full-scale structures investigated were used to test the validity of the present model at the local scale,
as well as to obtain an additional unilateral condition in the case of compressed masonry structures in
order to prevent overlapping between the masonry components.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Interface models for assessing the safety of civil and historical
masonry constructions have attracted considerable attention, since
their resistance depends to a large extent on the brick/mortar
interfacial properties. In fact, mortar joints are usually less strong
than masonry units, which explains the existence of planes of
weakness along which cracks can propagate. Several models have
been developed and presented in the literature for studying and
predicting the behavior of masonry structures. Depending on the
level of accuracy and simplicity required, either macro- or micro-
modeling strategies can be used for this purpose.
In continuum structural and macro-models, bricks, mortar and
brick–mortar interfaces are smoothed out into a homogeneous
continuum, the average properties of which are identiﬁed at the
level of the constituents, taking their geometric arrangement into
account. This approach is applicable when the dimensions of a
structure are sufﬁciently large for the ratio between the average
stresses and average strains to be acceptable such as the
macro-models (classical no-tension models (Marﬁa and Sacco,ll rights reserved.
kik).2005; Lourenço, 1998; Di Pasquale, 1992)) have been widely devel-
oped in the past.
During the last few decades, other models have been developed,
such as micropolar Cosserat continuum models (Sulem and Muhl-
haus, 1997; Masiani and Trovalusci, 1996) as well as applications
of the mathematical theories of homogenization to periodic (Anth-
oine, 1995; Ushaksarei and Pietruszczak, 2002; Luciano and Sacco,
1997) and non-periodic media (Cluni and Gusella, 2004). To
describe the inelastic behavior of structural masonry, some authors
have combined homogenization techniques with a continuum
damage mechanics approach (Zucchini and Loureno, 2004; Pegon
and Anthoine, 1997; Chengqing and Hong, 2006). Other authors
such as Alpa and Monetto (1994) and de Buhan and de Felice
(1997), have deﬁned suitably macroscopic yield failure surfaces.
Macro-approaches obviously require a preliminary mechanical
characterization of the model, based on experimental laboratory
or in situ tests (Gabor et al., 2005, 2006).
In studies based on micro analysis, two main approaches have
been used: the simpliﬁed approach, which is the more reﬁned,
and the detailed micro-modeling approach. Simpliﬁed methods
consist in modeling the bricks, mortar and interface separately
by adopting suitable constitutive laws for each component. This
approach gives highly accurate results, especially at local level. A
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properties of the mortar and the mortar interface unit are lumped
into a common element, while expanded elements are used to
model the brick units. Although this model reduces the computa-
tional cost of the analysis, some accuracy is obviously lost.
Several authors (Lotﬁ and Shing, 1994; Lourenço and Rots,
1997; Pelissou and Lebon, 2009; Pegon et al., 2001) have estab-
lished that the interface elements reﬂect the main interactions
occurring between bricks and mortar. Several methods have been
presented for modeling the behavior of interfaces with zero thick-
ness and predicting their failure modes. Giambanco and Di Gati
(1997), for examples expressed the constitutive law at the inter-
face in terms of contact traction and the relative displacements
of the two surfaces interacting at the joint. The fracture of the joint
and the subsequent sliding are associated with the interface yield
condition. Method based on limit analysis combined with a
homogenization technique was recently shown to be a powerful
structural analysis tool, giving accurate collapse predictions: de
Buhan and de Felice (1997), for example, have presented a homog-
enized model of this kind which can be used for the limit analysis
of masonry walls. The units are assumed in this model to be inﬁ-
nitely resistant and the joints are taken to be interfaces with zero
thickness having a friction failure surface. In addition, the brittle
damage model developed in Luciano and Sacco (1997) and Pelissou
and Lebon (2009) involves an elementary cell composed of units,
mortar and a ﬁnite number of fractures at the interfaces.
This work aims to identify the crack length evolution laws gov-
erning a recently proposed constitutive equation (Rekik and Lebon,
submitted for publication) with small number parameters for mi-
cro-cracked interfaces of masonry structures. It objects also to
study the effect of the masonry structure size and the load type
on these identiﬁed parameters. Experimental tests (Gabor et al.,
2006; Fouchal et al., 2009) on small and large masonry panels have
been used to estimate the small number of parameters describing
the micro-crack evolution law and leading to the best ﬁt between
the numerical and experimental tests. In the case of a masonry
structure under a compression load, the evaluation of the local
numerical ﬁelds incites us to add a unilateral contact condition
in order to ovoid the overlap between the bricks and the joints con-
stituents. In a ﬁrst approach and for the sake of simplicity, we do
not introduce friction between the brick and mortar units.2. A brief outline of the model
Masonry units have generally been discretized using continuum
elements, whereas joints have been modeled in the form of weak-
ness planes, using interface elements. The main limitation of this
approach is the fact that it is not suitable for describing the inter-
actions between joints and brick units. The most original feature of
the model proposed here is that it includes a third material in-
serted between the units and mortar, which accounts for the
noticeable differences generally existing between the mechanical
properties of bricks and mortar, which were classically assumed
to be isotropic. The properties of this third material are obtained
by performing an exact linear homogenization procedure on a
brick/mortar lamina (with the same volume fraction). This newly
deﬁned homogeneous material is then assumed to accurately ac-
count for the mechanical interactions between mortar joints and
brick units. In a second step, assuming the existence of micro-
cracks with a parallel pattern of distribution, forming an angle /
with the e1 direction (see Fig. 2) in the newly deﬁned homoge-
neous material, the effective properties of the damaged material
are determined using a micro-mechanical model (Mauge and
Kachanov, 1994). As explained above, the 3-D material is located
between brick units and mortar joints; its thickness must thereforebe zero. For this purpose, asymptotic limit analysis is performed to
shift from the 3-D to 2-D framework and thus express the normal
and tangential stiffness of the brick/mortar interface thus deﬁned.
The local ﬁelds of a three-phase loaded masonry structure are then
simulated using the CAST3M FE code. Further details about the
steps required to model the brick–mortar interface will be given
below.
2.1. Effective properties of the brick–mortar lamina
Due to the fact that damage occurs mostly at the interface be-
tween brick and mortar materials, we assume the existence of an
extremely thin layer of material between each brick unit and its
mortar joint. The mechanical properties of this layer are obtained
by applying an asymptotic limit analysis procedure (Lebon and Ro-
nel-Idrissi, 2007; Lebon et al., 1998, 2004). For this purpose, it is
proposed ﬁrst to obtain the mechanical properties of the 3-D mate-
rial obtained by homogenizing those of brick and mortar. Assum-
ing brick and mortar to be isotropic and linear elastic materials,
the homogenization of the brick/mortar lamina can be carried
out exactly using an analytical homogenization formulation, as de-
scribed in Rekik and Lebon (submitted for publication). The homo-
geneous equivalent undamaged material, denoted hereafter by
HEMu, is transversally isotropic and characterized by the effective
compliance tensor eSu written in the form (1) with respect to the
classical Voigt notation. In what follows, exponents h and v corre-
spond to bed and head joints, respectively. e3 and e1, represent the
HEMuh and HEMuv revolution axis, respectively, as shown in Fig. 1
eSuh ¼
1eE01  ~m
0
12eE01  ~m
0
13eE01 0 0 0
 ~m012eE01 1eE01  ~m
0
13eE01 0 0 0
 ~m013eE01  ~m
0
13eE01 1eE03 0 0 0
0 0 0 1eG0
23
0 0
0 0 0 0 1eG0
23
0
0 0 0 0 0 1eG012
0BBBBBBBBBBBBBBBBBB@
1CCCCCCCCCCCCCCCCCCA
ð1Þ
For further details about the method of obtaining the eSuh compo-
nents, see Rekik and Lebon, submitted for publication.
2.2. Effective properties of the micro-cracked material HEMc
In the previous step, in the case of bed joints, an uncracked
homogeneous material HEMuh was deﬁned, based on the known
properties of brick and mortar. Now assuming the presence of par-
allel micro-cracks to the e1 axis in this material, it is necessary to
determine its effective properties. Many studies have dealt with
assessing the effective elastic properties of damagedmaterials with
defects of various kinds (holes and/or cracks). The choice of model-
ing method depends here mainly on the interactions between
cracks. For the sake of simplicity, we started to model the degrada-
tion of the brick–mortar interface taking only the interactions be-
tween micro-cracks and neglecting the interactions with the
matrix of the HEMu material. Moreover, we assume the existence
of a small number of rectilinear cracks 2l(k) in length. To solve this
2-D problem it is proposed to apply themethod proposed byMauge
and Kachanov (1994) to determine the equivalent properties of the
damaged HEMu material. The accuracy of this model, which gener-
ally depends on the density of the cracks, is satisfactory up to quite
small distances between cracks (distances much smaller than
the crack width). Rectilinear cracks are assumed to be located on
Fig. 1. Determination of the elastic properties of the third material (a brick/mortar lamina) located at bed (a) and head (b) joints.
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mortar length and e is the thickness of the micro-cracked HEMu
material. In the case of the present 2-D problem, the Kachanov
model includes a global parameter called the crack density, which
is deﬁned by the number and the length of all the cracks given by
q ¼ 1A
P
kðlðkÞÞ2. The main result obtained with the Kachanov model
is that the average value of the crack opening displacement (COD)
vector ‘‘b” is colinear with the average stress r as follows
hbi ¼ n  r  B
where n is a vector normal to the crack. The components of the
symmetric B second order tensor depend on those of the uncracked
homogeneous HEMu material, i.e. on the components of eSu and on
the orientation of the crack with respect to the matrix anisotropy
Btt ¼ Cð1 Dcos2/Þl
Bnn ¼ Cð1þ Dcos2/Þl
Btn ¼ CDðsin2/Þl
8><>: ð2ÞFig. 2. Assessment of the effective properties of the micro-cracwhere l is the length of the half representative rectilinear micro-
crack in the HEMu material, as shown in Fig. 2. We recall that / is
the angle between the vector t tangential to the crack and the prin-
cipal axis e1, as illustrated in Fig. 3. C and D are scalars which are
independent of the representative micro-crack half length parame-
ter l, and are given byC ¼ p4
ﬃﬃﬃﬃﬃeEuh1q þ ﬃﬃﬃﬃﬃeEuh3qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeEuh
1
eEuh
3
q 1eGuh13  2 ~m
uh
13eEuh1 þ 2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeEuh
1
eEuh
3
q
0@ 1A12
D ¼
ﬃﬃﬃﬃﬃeEuh1q  ﬃﬃﬃﬃﬃeEuh3qﬃﬃﬃﬃﬃeEuh
1
q
þ
ﬃﬃﬃﬃﬃeEuh
3
q
8>>>>><>>>>:
ð3ÞeEuh1 ; eEuh3 ; ~muh13 and eGuh13 are the elastic engineering constants of the
crack-free HEMuh material. On the principal axes, the effective engi-
neering moduli of HEMc denoting the homogeneous material equiv-
alent to the damaged HEMu are given byked bed (a) and head (b) joints using the Kachanov model.
Fig. 3. Local crack vectors and the principal axis of the masonry.
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3
¼ 1
1þ2qcos2/ðBttsin2/þBnncos2/þBntsin2/ÞeEu3eGc13eGu13 ¼ 11þqðBnnsin22/þBttcos22/Bntsin4/ÞeGu13
~mc13eEc1 ¼ ~m
u
13eEu1
8>>>>>>><>>>>>>:
ð4Þ
In the bed masonry joints, the cracks are assumed to run parallel to
the principal axis e1, i.e. with the crack orientation / = 0. Under
plane stress conditions, the components of the compliance tensoreSc in the (e1,e3) plane read
eSch ¼ eScð0Þ ¼
1eEuh1  ~m
uh
13eEuh1 0
 ~muh13eEuh
1
ð 1eEuh
3
þ 2qBnnð0ÞÞ 0
0 0 1eGuh13 þ qBttð0Þ
 
0BBBBBBB@
1CCCCCCCA ð5Þ
where
Bttð0Þ ¼ Cð1 DÞl
Bnnð0Þ ¼ Cð1þ DÞl
Btnð0Þ ¼ 0
8><>: ð6Þ
As shown in relations (5), the effective properties of the cracked
lamina are sensitive to the effective properties of the uncracked
lamina HEMuh and to the representative crack length. Inverting
the compliance tensor eSch gives the corresponding stiffness tensor
~Cch associated with the properties of HEMch.
2.3. Interface constitutive law
It has been assumed that cracks exist only in the plane (e1,e3)
parallel to either the principal axis e1 (in the case of bed joints)
or to the e3 vector (in the case of head joints). We have therefore
focused only on the pair of components ðeCch3333; eCch3131Þ and
ðeCcv1111; eCcv1313Þ corresponding to the bed and head interface stiffness,
respectively. Now focusing on the head interface stiffnesses, the
inversion of the compliance tensor eSch leads to expressing the com-
ponents ðeCch3333; eCch3131Þ as a function of the micro-crack density
parameter q, and the angle / is null
eCch3333 ¼ ah33 þ bh33qa0h33 þ b0h33qþ c0h33q2 andeCch3131 ¼ 12 ah13 þ bh13qa0h13 þ b0h13qþ c0h13q2 ð7Þahij; b
h
ij; a0hij ; b
0h
ij and c0hij are scalars which are independent of the
crack density parameter q. The normal and tangential stiffness of
the bed interfaces are determined as follows:
ChN ¼
eCch3333
e
ðe ! 0Þ and ChT ¼
eCch3131
e
ðe ! 0Þ ð8Þ
Replacing q by the term l
2
eLh0
in expressions (7), we obtain
ChN ¼
bh33L
h
0
c0h33l
2 ¼
Lh0
2Bnnð0Þl2
and ChT ¼
b13L
h
0
c013l
2 ¼
Lh0
4Bttð0Þl2
ð9Þ
As the components Bnn and Btt depend on the half crack length l (see
relation (2)), the expressions for the interface stiffness CN and CT at
the bed position read:
ChN ¼
Lh0
2Cð1þ DÞl3
and ChT ¼
Lh0
4Cð1 DÞl3
; where dlP 0 ð10Þ
dl is the increment of crack length, assumed to be positive during
the shear loading.
It is worth noting that the properties of the material HEMcv,
which is transversally isotropic with e1 as the revolution axis, are
deduced from those of the material HEMch by making a simple
90 rotation. Therefore, the normal and tangential stiffness of the
head joints read:
CvN ¼
eCcv1111
e
ðe ! 0Þ ¼ L
v
0
Lh0
ChN and C
v
T ¼
eCcv1313
e
ðe ! 0Þ ¼ L
v
0
Lh0
ChT
ð11Þ
where Lh0 is the bed mortar joint length. These deﬁned stiffnesses
can be clearly seen to decrease as the crack length increases with
respect to the applied load F (or shear stress s). In addition, they
are closely related to the law of micro-crack evolution l = f(F or s)
which will be identiﬁed in the case of masonry structures of various
sizes under loads of various kinds in the following section. The crack
length evolution is assumed to show a similar tendency at the head
and bed interfaces.
3. Estimation of the representative law of micro-crack
evolution based on experimental tests
In view of expressions (10), one of the most important steps
consists in deﬁning, testing and validating a law governing the
crack length evolution. An alternative solution consists in deﬁning
directly by choosing crack lengths at several points on experimen-
tal diagrams. Hereafter, it is necessary to distinguish between the
case of quasi-brittle failures, with which the ‘‘stress–strain” dia-
gram shows a ‘‘plateau” in the post-peak load part and those show-
ing a softening and sliding parts after the peak in the load. In fact,
numerical tests carried out on non-conﬁned and conﬁned masonry
panels have shown that the laws of crack length evolution avail-
able so far in the case of non-conﬁned masonry are not able to
reproduce the softening and sliding parts seen in the case of the
conﬁned masonries.
3.1. Simulation of non-conﬁned loaded masonry panels of various sizes
In order to model as accurately as possible the ‘‘load–displace-
ment” response of a quasi-brittle non-conﬁned masonry structure
subjected to a shear load (in the case of a seven brick panel
(Fig. 14)) or a diagonal compression load (in the case of a wall
(Fig. 10)), it is assumed that under the maximum load (or stress), de-
noted Fc (or sc), the representative micro-crack is inactive (i.e., its
length remains constant and equal to the critical length lc) and that
itpropagates fromthemaximumloadup to the failure of the interface
i.e. up to the ultimate load Fu or stress su (as seen in Fig. 4) reached at
Fig. 4. A preliminary function describing the evolution of the crack half length with respect to the shear stress applied: the case of a triplet of hollow bricks (Rekik and Lebon,
submitted for publication), a non-conﬁned seven brick structure and that of a wall.
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Fu (or stressessc andsu) aredetermined fromtheexperimental ‘‘load–
displacement” curves (Gabor et al., 2005, 2006; Fouchal et al., 2009).
The values of the lengths lc and lu are chosen so that the numerical
global response matches the experimental ‘‘stress–strain” (or
‘‘stress–displacement”) diagram satisfactorily. Fig. 4 gives the evolu-
tion of the representative half crack lengthpredicted, based on exper-
imental data available in Fouchal et al. (2009) on elementary walls
consisting of triplet bricks, seven bricks (Fig. 8) and a large wall as
shown in Fig. 11, as described in the following sections.
In order to test the validity of the law of crack length evolution
described in Fig. 4 and to identify the parameters involved (Fc, Fu, lc
and lu), the experimental data obtained by Gabor et al. (2005) on
elementary masonry walls consisting of seven bricks under shear
loading and on a wall subjected to diagonal compression were
used. The geometry and boundary conditions are given in Fig. 15
(without the conﬁning pressure r) and Fig. 10 in the case of seven
bricks and the wall, respectively. Table 1 lists the mechanical prop-
erties of the bricks and mortar constituting the prism and the wall
(Gabor et al., 2006). Because of the symmetry of the prism prob-
lem, only half-structures will be used in the computations. In what
follows, bricks and mortar joints will be modeled using Q4 qua-
drangular ﬁnite elements.
3.1.1. Simulation of a non-conﬁned medium-sized masonry panel
under shear loading
The masonry specimen studied in this part consists of seven
hollow bricks subjected to a shear load without any conﬁning pres-
sure. To calculate the global and local mechanical ﬁelds, it is neces-
sary to determine the characteristics and the parameters of bed
interfaces, 50 mm in length, denoted by h. The stiffness of head
interfaces, 210 mm and 100 mm in length, denoted by v1 and v2,
respectively, are deduced from that of h, as follows:
Cv1N ¼ ð210=50ÞChN and Cv1T ¼ ð210=50ÞChT
Cv2N ¼ ð100=50ÞChN and Cv2T ¼ ð100=50ÞChTTable 1
Mechanical properties of the prism and wall masonry
constituents (Gabor et al., 2005, 2006).
Young’s modulus (MPa) of full brick 12,800
Poisson’s ratio of full brick 0.2
Young’s modulus (MPa) of mortar 4000
Poisson’s ratio of mortar 0.2In the case of bed interfaces, the compliance tensor eSuh of the effec-
tive undamaged material HEMuh reads
eSuh ¼ 104
1:190 0:357 0:357 0 0 0
0:357 1:190 0:357 0 0 0
0:357 0:357 1:525 0 0 0
0 0 0 4:265 0 0
0 0 0 0 4:265 0
0 0 0 0 0 3:095
0BBBBBBBB@
1CCCCCCCCA
ð12Þ
The associated engineering constants are:eEuh1 ¼ eEuh2 ¼ 8400 MPa; eGuh12 ¼ 3230:7 MPa; ~muh12 ¼ 0:3;eEuh3 ¼ 6557:93 MPa; eGuh13 ¼ 2344:32 MPa and ~muh13 ¼ 0:3
The constants C and D (3) used to evaluate the components of the
COD tensor B(0) are:
C ¼ 0:000456 and D ¼ 0:061810 ð13Þ
The normal and tangential stiffness of the bed interfaces are then
given by:
ChN ¼ 51570:5=l3 ðN=mm2Þ and ChT ¼ 29182:9=l3 ðN=mm2Þ
At head interfaces v1 and v2, these expressions read:
Cv1N ¼ 216596=l3 ðN=mm2Þ and Cv1T ¼ 122568=l3 ðN=mm2Þ
Cv2N ¼ 103141=l3 ðN=mm2Þ and Cv2T ¼ 58365:8=l3 ðN=mm2Þ
ð14Þ
The mesh for the half in-plane structure of this specimen consists of
4872 Q4 ﬁnite elements. Similar loading and boundary conditions
(see Fig. 6 with no conﬁnement pressure r) to those used by Gabor
et al. (2005) were adopted here.
The predictions of the model for an elementary masonry panel
based on the crack length law shown in Fig. 4 with the identiﬁed
crack parameters lc = 1.3 lm and lu = 1.51 lm at the critical and
ultimate stresses sc = 1.75 MPa and su = 1.9 MPa identiﬁed on the
basis of experimental data showed good agreement with the
experimental results (see Fig. 8). In the case of this elementary ma-
sonry structure, it was concluded that failure will occur when the
interface stiffnesses, per mm, reach the following values:
CN ¼ 3 1011 ðN=mm3Þ and CT ¼ 1:74 1011 ðN=mm3Þ
Fig. 6 shows the ﬁnal geometrical conﬁguration of the prism when
the crack length reaches its ultimate value lu. In the case of local
Fig. 5. A possible preliminary function describing the evolution of the crack half
length with respect to the shear stress applied. The case of a small conﬁned wall.
Fig. 7. Identiﬁed crack length law in the case of small non-conﬁned wall under
shear loading conditions.
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that this crack length law with the suitable parameters values can
be used to accurately predict the localization of the shear stress
concentration where failure occurs, as in the experimented speci-
men (see Fig. 19).
The crack lengths identiﬁed at two supplementary points on the
experimental prism as shown in Fig. 7 conﬁrms that the crack
length increased linearly in the post-peak part.Fig. 8. Experimental and numerical response of the small non-conﬁned wall under
shear loading conditions based on the identiﬁed crack length law (Fig. 7).3.1.2. Case of a wall under diagonal compression without unilateral
contact condition
The accuracy of the present model based on the crack length
law (Fig. 4) and suitable couplets of parameters (sc, lc) and (su, lu)
will be checked below in the case of the masonry with large in-
plane dimensions (870 mm  830 mm) previously tested by Gabor
et al., 2005. In this specimen, the head and bed interface lengths
were 50 mm and 210 mm, respectively. In the examples described
below, the material parameters of the bricks and mortar were
identical to those of the medium-sized wall described in Table 1.
The compliance tensor of horizontal uncracked brick/mortar lam-
ina is given by expressions (12). The values of the associated con-
stants C and D are given by (13). The normal and tangential
stiffness of the bed and head interfaces are therefore identical to
the stiffnesses h and v1 of the seven brick panel.
The identiﬁcation of crack lengths at the critical and ultimate
loads Fc and Fu yielded respectively to the values: lc = 1.6 lm and
lu = 1.61 lm. Good agreement was therefore obtained betweenFig. 6. Initial geometrical conﬁguration and deformation of a small non-conﬁnthe numerical and experimental data, as can be seen in Fig. 12.
Note that in this experimental test, Fu = Fc = 251.77 kN.
In the case of the wall, per mm, the interface stiffnesses at the
failure phase is therefore given by the values:
CN ¼ 2:47 1011 ðN=mm3Þ and CT ¼ 1:4 1011 ðN=mm3Þed wall in a shear test at the identiﬁed ultimate crack length lu = 1.51 lm.
Fig. 9. Local shear stress snapshot of the small non-conﬁned wall under shear
loading conditions at failure for an identiﬁed ultimate crack length lu = 1.51 lm.
Fig. 10. Initial geometrical conﬁguration and loading conditions imposed on the
wall.
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wall and the non-conﬁned masonry panels showed the existence
of a relative error of 6.4%.
The scaled deformed mesh (see Fig. 13) was obtained for the
ultimate diagonal strain with the parameter: lu = 1.61 lm. This de-Fig. 11. Deformation of a wall subjected to diagonal comformed conﬁguration shows that the wall is not able to resist the
diagonal compression, especially at the left top corner, where the
load was applied. This is conﬁrmed by the fact that the shear stres-
ses are concentrated in this corner. Given suitable micro-crack
lengths occurring during the failure phase, the present model can
therefore be used to reproduce the local response of a large-sized
loaded masonry specimen.
3.1.3. Effect of an additional unilateral contact condition on the
interface stiffnesses
In order to avoid the overlaps which can be seen in Fig. 13 to oc-
cur between the brick and mortar faces in the case of masonry
structure subjected to compression loads, it is proposed to intro-
duce unilateral contact conditions. The relative displacement be-
tween two points located on the two surfaces in contact is
denoted by [u], where
½u ¼ ub  um
and ub (respectively um) is the displacement in the brick (respec-
tively in the mortar). Let F be the density of the contact forces.
We take nb (respectively nm) to denote the external unit normal vec-
tor to the boundary of the brick (respectively to the boundary of the
mortar). The decomposition into normal and tangential parts is
written
½u ¼ ½unnb þ ut; with ½un ¼ ½u  nb; ð15Þ
F ¼ Fnnb þ Ft ; with Fn ¼ F  nb ð16Þ
Locally, the unilateral contact is given by the following relations
½unP 0 ðaÞ; Fn  CN½unP 0 ðbÞ; and
ðFn  CN ½unÞ½un ¼ 0 ðcÞ ð17Þ
Relation (17)-a denotes the possibility that only decohesion will oc-
cur, and not penetration. Relation (17)-b expresses the fact that the
normal stresses correspond only to compression. Relation (17)-c
shows that at the brick/mortar interface, there are only two possi-
bilities: contact or decohesion. This relation is commonly known
as the complementary condition. This condition was imposed only
for the 3 ﬁrst ranges (from the 14th to the 12th) of bricks (at head
and bed joints) where overlap has been observed.
The crack law parameters ensuring good agreement between
the numerical and experimental ‘‘stress–strain” diagrams have
the following values: lc = 1.725 lm and lu = 1.728 lm for
Fu = Fc = 251.77 kN. Per mm, the corresponding normal and tangen-
tial interfaces then read:
CN ¼ 2 1011 ðN=mm3Þ and CT ¼ 1:13 1011 ðN=mm3Þ
When failure occurs, the additional unilateral contact condition there-
fore decreases the stiffnesses of thewall interfaces by about 21%.MPa),
the joint response differs from that observed under non-conﬁned con-pression: experimental tests from Gabor et al., 2005.
Fig. 12. ‘‘Stress-diagonal strain” diagrams of the wall (with and without a unilateral
contact condition) under diagonal compression loading conditions: numerical and
experimental results.
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lines. In the ‘‘stress–displacement” diagrams, the distinction will be
made between three stresses: sc, scr and su, where scr denotes the
end of the softening phase. Additional conﬁning pressure was found
to increase the cohesion between mortar and hollow bricks and thusFig. 13. Deformation and local shear stress snapshot at the corner of a wall (without the u
the identiﬁed ultimate crack length value lu = 1.61 lm.to induce the occurrence of softening and sliding processes after the
peak load has been reached. These softening and sliding parts cannot
be modeled in the framework of a crack length evolution law similar
to that used for a non-conﬁned masonry panel (Fig. 7). In this case, a
nonlinear piece-wise increasing representative crack length from the
peak loadup to failure gives better predictions. Numerical simulations
on this structure adopting functions similar to that reported in Fig. 5
show that the results obtained using crack length laws of this kind
do not match the experimental ‘‘stress–displacement” diagrams. To
obtain a better ﬁt between the numerical and experimental data, the
crack lengths were identiﬁed at several points on the experimental
diagram.Atvarious conﬁning stresses, the changes in thecrack lengths
given, in Fig. 18, show that it is necessary to include a bilinear or trilin-
ear function in thepost-peak loadpart toaccount for the set of the soft-
ening and sliding parts. As shown in Fig. 18, these functions describe
the increase in thecrack length,while the shear stressdecreases, in live
with theproperties of cohesive cracks (Park et al., 2008;Chaimoonand
Attard, 2009; ParvanovaandGospodiniv, 2008). In the identiﬁed func-
tions l = f(s) corresponding to conﬁning stresses r = 0.8 and 1.2 MPa,
note the existence of a ﬁrst positive slope describing the increase in
the crack lengthwith the increase in the shear stress occurring before
peak of load is reached. This ﬁrst linear evolution of l is not included in
the description of the crack length evolution in the softening and slid-
ing parts given by the ‘‘stress–displacement” diagrams.
The numerical ‘‘stress–displacement” curves corresponding to
the crack length functions depicted in Fig. 18 are in line with
experimental data as can be seen from Fig. 17 with each of the con-
ﬁning stresses. Table 2 lists the ultimate crack lengths obtained at
the various conﬁning pressures tested. Note that the crack length lu
varies slightly with the conﬁning pressure. Its main value is
lcpu ¼ 1:61 lm. The relative errors er between lu and the average va-
lue lcpu do not exceed 11%.nilateral contact condition) subjected to diagonal compression: numerical test with
Fig. 14. Effect of the additional unilateral contact condition: Deformation and local shear stress snapshot at the corner of a wall subjected to diagonal compression. Numerical
test with the identiﬁed ultimate crack length value lu = 1.728 lm.
Fig. 15. Initial geometrical conﬁguration and loading conditions imposed on a
small conﬁned wall (a, b), deformation of the small wall in a shear test (c).
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conﬁned small wall, which shows a local stress concentration at
the longest vertical interface v1, where the decohesion betweenbrick and mortar mainly occurs, as in the experimentally tested
specimen (Fig. 19).
3.3. Discussion of the results
Table 3 recapitulates the identiﬁed ultimate crack lengths giv-
ing a best ﬁt between the numerical and experimental results at
the failure of the wall with and without the unilateral contact con-
dition. The relative difference between these values is taken to be
negligible (about 7%). It was therefore proposed to calculate the
mean ultimate crack length from the values available on wall inter-
faces at failure. The relative errors er between the identiﬁed crack
lengths lu and the mean value l
w
u ¼ 1:66 lm obtained in the case
of the wall were negligible (below 4%). Table 4 gives the identiﬁed
(average) ultimate crack lengths obtained with masonry structures
of various sizes under shear loads (with and without conﬁning
pressure) or diagonal compression loads (with and without the
unilateral contact condition). Due to the negligible differences
existing between these values, we will assume that failure occurs
when the crack length reaches the average value of this set of iden-
tiﬁed crack lengths i.e. lu = 1.6 lm. In the case of masonry com-
posed of constituents with the properties given in Table 1,
comparisons between the stiffnesses of the interfaces obtained
with masonry of various sizes (see the er values for the stiffnesses)
give a mean stiffness value per mm, an upper and lower bounds for
the properties thus identiﬁed:
CavN ¼ 2:52 1011 ðN=mm3Þ and CavT ¼ 1:42 1011 ðN=mm3Þ;
ð1 11%ÞCavN 6 CN 6 ð1þ 17%ÞCavN
(
ð18Þ
Fig. 16. Local shear stress snapshot of a conﬁned small wall (r = 0.4 MPa) under
shear loading conditions at failure (the identiﬁed ultimate crack length is
l = 1.57 lm).
Fig. 17. Effect of the conﬁning pressure: experimental and numerical ‘‘shear stress–
displacement” diagrams of a small conﬁned wall under shear loading conditions.
Fig. 18. Identiﬁed crack length laws giving the best ﬁt between experimental and
numerical data on conﬁned small walls under shear loads and various conﬁning
pressures.
Table 2
Identiﬁed ultimate representative crack length and the corre-
sponding relative errors obtained on small conﬁned walls under
shear loading and different conﬁning pressures.
Conﬁning stress r (MPa) lu (lm) er(lu) (%)
0.4 1.57 2.5
0.6 1.53 5
0.8 1.8 11.1
1.2 1.53 5
3020 A. Rekik, F. Lebon / International Journal of Solids and Structures 47 (2010) 3011–3021The discrepancies between the individual interface stiffnesses and
the mean value obtained (maximum of 17%) can be explained by
the fact that masonry mortar joints are man-made materials.4. Conclusions
In this study, the identiﬁcation of the crack length evolution law
for masonry structures with various sizes subjected to shear and
diagonal compression loads showed the ability of a recently pre-
sented model (Rekik and Lebon, submitted for publication) to pro-
vide estimations for the stiffness of masonry interfaces. At failure,
the discrepancies between the identiﬁed crack lengths were almost
negligible (below 6%). The interface stiffnesses are inversely pro-
portional to the cube of the ultimate crack length lu which explainsthe maximum discrepancy of about 17%. An experimental cam-
paign in which the joint mortar is consistently prepared and laid
(constant thickness, regular rate of cover between brick and mor-
tar) will help to reduce the discrepancies between the stiffnesses
of interfaces at failure. To obtain a good ﬁt between experimental
and numerical data on loaded non-conﬁned masonry structures in
which the ‘‘stress–strain” diagrams show the occurrence of a ‘‘pla-
teau” after the peak load (or stress), it is necessary to adopt a lin-
early increasing crack length up to the failure, corresponding to
the ultimate load applied. Number of parameters is reduced to 4
in this case: lc, lu, sc and su. In the case of conﬁned masonry struc-
tures under shear loading conditions, the present model gives good
agreement with the experimental data, thanks to the introduction
of a bilinear or trilinear function describing the increase in the
crack length with the decrease in the shear stress in the post-peak
part (softening and sliding parts). The number of parameters in-
creases in this case to 6 or 8. In the post-peak part of the
‘‘stress–displacement” diagram, a single linear function describing
the increase in the crack length with the decrease in the shear
stress does not sufﬁce to reproduce accurately the softening and
sliding parts.
Fig. 19. Experimental deformation of a small conﬁned wall under shear loading
conditions (Gabor et al., 2006).
Table 3
Identiﬁed ultimate representative crack length and the
corresponding relative errors obtained on a diagonally
compressed wall with and without a unilateral contact
condition.
Unilateral contact condition lu (lm) er(lu) (%)
With 1.61 3
Without 1.728 4
Table 4
Relative errors in the identiﬁed (average) ultimate representative
crack lengths and stiffnesses in the case of masonries of various
sizes under shear loading or diagonal compression conditions.
lu or average of lu
(lm)
er(lu)
(%)
er(CN)
(%)
Non-conﬁned
prism
1.51 5.8 +17.4
Conﬁned prism 1.61 0.6 2
Wall (with/without
u.c.c.)
1.66 3.7 11
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